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Abstract 

We study that a solution of the initial value problem associated for the coupled system 
of equations of Korteweg - de Vries type which appears as a model to describe the 
strong interaction of weakly nonlinear long waves, has analyticity in time and smooth- 
ing effect up to real analyticity if the initial data only has a single point singularity 
at x = 0. 
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^ ! 1 Introduction 

We consider the following coupled system of equations of Korteweg - de Vries type 

u t + Uxxx + a 3 v xxx + uu x + a\ vv x + a 2 (uv) x = 0, x,t£R (1.1) 
h v t + v xxx + b 2 a 3 u xxx + vv x + b 2 a 2 uu x + b 2 ai (uv) x = 0, (1.2) 
u(x, 0) = uq(x), v(x, 0) = vo(x). (1-3) 

where u = u(x, t),v = v{x, t) are real- valued functions of the variables x and t and 
&l, «2 ; as, b%, b 2 are real constants with b% > and b 2 > 0. The original coupled system is 

u t + Uxxx + ^3 v xxx + vP u x + aiv p v x + a 2 (u p v) x = 0, x, t £ R (1.4) 
h v t + v xxx + b 2 a 3 u xxx + v p v x + b 2 a 2 u p u x + b 2 ai (uv p ) x = (1.5) 
u(x, 0) = uq(x), v(x, 0) = vq(x) (1-6) 
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where u = u(x, t),v = v{x, t) are real- valued functions of the variables x and t and 
ai, ci2, as, bi, b2 are real constants with b\ > and 62 > 0. The power p is an integer 
larger than or equal to one. The system (|1.4p - (jl.6p has the structure of a pair of Korteweg 
- de Vries equations coupled through both dispersive and nonlinear effects. In the case 
p = 1, the system (jl.4p - (|1.6j) was derived by Gear and Grimshaw [9] as a model to describe 
the strong interaction of weakly nonlinear, long waves. Mathematical results on the system 
(ll.4|) - (ll.6p were given by J. Bona et al. [5]. They proved that (jl.4j) - (jl.6l) is globally well 
posed in H S (R) x H S (R) for any s > 1 provided \a 3 \ < l/Vfo. The system (fL4"|) - (fL6|) has 
been intensively studied by several authors (see O El EJ [TJ [23] and the references therein). 
We have the following conservation laws 

Ei(u)= / udx , E 2 (u) = / vdx , E 3 (u,v)= / (b 2 u 2 + b 1 v 2 )dx (1.7) 
Jr Jr Jr 

The time-invariance of the functionals Ei and E2 expresses the property that the mass of 
each mode separately is conserved during interaction, while that of E3 is an expression of 
the conservation of energy for the system of two models taken as a whole. The solutions of 
(|1.4p - (jl.6p satisfy an additional conservation law which is revealed by the time-invariance 
of the functional 

(' ( u"^ \ 

E4 = / I 62 u x + v 2 + 2b2a 3 u x v x — 62-5 — b2a2U 2 v — b2<i2U 2 v — b2a\uv 2 — — I dx 
Jr V 3 3 / 

The functional E4 is a Hamiltonian for the system (|1.4p -( fL6|) and if &2 a | < 1 5 04 will be 
seen to provide an a priori estimate for the solutions (u, v) of (jl.4p - (jl.6p in the space 
H 1 ^) x i^ 1 (IR). Furthermore, the linearization of (jl.iri - fll.3j) about the rest state can be 
reduced to two, linear Korteweg - de Vries equations by a process of diagonalization. Using 
this remark and the smoothing properties (in both the temporal and spatial variables) for 
the linear Korteweg - de Vries derived by Kato [131 E] ; Kenig, Ponce and Vega [HI Q2] 
it will be shown that (fTl^ -(fl~6l) is locally well-posed in H S (R) x H S (R) for any s > 1 
whenever ^/b^a^ 7^ 1. This result was improved by J. M. Ash et al. [1] showing that the 
system ([lU-GIH]) is globally well-posed in L 2 (R) x L 2 (R) provided that Vha^ ^ 1. In 
2004, F. Linares and M. Panthee [2JJ improve this result showing that the system (jl.lj) - 
(I1.3P is locally well-posed in H S (R) x H S (M.) for s > —3/4 and globally well-posed in 
H S (R) x H S (R) for s > —3/10 under some conditions on the coefficients, indeed for 03 = 
and 61 = 62. Following the idea W. Craig et al. [6], it is shown in [23] that C°° solutions 
(u( ■ , t), v( ■ , t)) to (ll.ip - (|1.3p are obtained for t > if the initial data (u(x, 0), v(x, 0)) 
belong to a suitable Sobolev space satisfying resonable conditions as \x\ — > 00. Since (jl.lj) - 
(11.31) is a coupled system of Korteweg-de Vries equations, it is natural to ask whether it 
has a smoothing effect up to real analyticity if the initial data only has a single point 
singularity at x = as the known results for the scalar case of a single Korteweg -de 
Vries equation. Using the scaling argument we can have an insight to this question. 
In this paper our purpose is to prove the analyticity in time of solutions to (ll.ip - (jl.3D 
without regularity assumption on the initial data improving those obtained in [23]. Our 
main tool is the generator of dilation P = 3 1 dt + x d x . which almost commutes with the 
linear Korteweg-de Vries operator L = dt + d x . Indeed [L, P] = 3L. A typical example 
of initial data satisfying the assumption of the above theorem is the Dirac delta measure, 
since (x k d x ) k 5(x) = (— l) k kl 5(x). The other example of the data is p. v. where 
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p. v. denotes the Cauchy principal value. Linear combination of those distributions 
with analytic H s data satisfying the assumption is also possible. In this sense, the Dirac 
delta measure adding the soliton initial data can be taken as an initial datum. Using the 
operator K = x- \j + 2itdt it was proved the Gevrey smoothing effect in space variable 
[8]. Indeed, it was shown that, if the initial data belongs to a Gevrey class of order 2, then 
solutions of some nonlinear Schrodinger equations become analytic in the space variable 
for t 0. For the Korteweg-de Vries equations version of the generator of dilation is also 
useful to study the analyticity in time and the Gevrey effect in the space variables for 
solutions [8]. 

This paper is organized as follows: In section 2 we have the reduction of the problem and 
we outline briefly the notation, terminology to be used subsequently and results that will 
be used several times. In section 3 we prove a theorem of existence and well-posedness of 
the solutions. In section 4 we prove the following theorem: 

Theorem 1.1. Suppose that the initial data (uq, vq) G H s (R) x H s (R), s > —3/4 and 
Aq, A\ > such that 

00 j±k 00 j^k 

J^fcf IIM^Soll^m < +°° : ^-^IIM^Soll/^R) < +oo. (1.8) 

k=0 ' k=0 

Then for some b G (1/2, 7/12), there exist T = T(\\uq\\ H s^, \\vq\\hs(^) and a unique 
solution of (|l.lj) - (|1.3j) in a certain time (— T, T) and the solution (u, v) is time locally 
well-posed, i. e., the solution continuously depends on the initial data. Moreover, the 
solution (u, v) is analytic at any point (x, t) G R x {(— T, 0) U (0, T)}. 

Corollary 1.1. Let s > —3/4, b G (1/2, 7/12). Suppose that the initial data (uq, vq) G 
H S (R) x H S (R), and A , A 1 > such that 

00 j±k 00 j±k 

Jljzh \\( xd x) k uo\\H<(R) < +oo : Y,m )3 I \( xd x) k u \ \ H °(R) < +oo.(1.9) 
k=0 ^ '' k=0 ^ '' 

Then there exists a unique solution (u, v) G C((-T, T), H s (R))nX§xC{(-T, T), H s (R))n 
X£ to the coupled system of Korteweg- de Vries equation (|1.1|) - ()1.3|) for a certain (— T, T) 
and for any t G (— T, 0)U (0, T), the pair (n, v) are analytic functions in the space variable 
and for u(x, ■ ) and v(x, ■ ) are Gevrey 3 as function of the time variable. 

Remark 1.1. In Theorem 1.1 and Corollary 1.2, the assumption on the initial data implies 
analyticity and Gevrey 3 regularity except at the origin respectively. In this sense, those 
results state that the singularity at the origin immediately disappears after t > or t < 0, 
up to analyticity. 

Remark 1.2. The crucial part for obtaining a full regularity is to gain the L 2 (R 2 ) regular- 
ity of the solutions (uk, VjS) from the negative order Sobolev space. This part is obtained 
in Proposition 4.1 in Section 4. We utilize a three steps recurrence argument for treating 
the nonlinearity appearing in the right hand side of 

td*u k = -^Pu k + -xd x u k + tBl(u, u)+tB 2 k (v, v)+tB 3 k {u, v) (1.10) 

tdlv k = --Pv k + -xd x v k + tCl{u, u) + tCl{v, v)+tCl{u, v). (1.11) 
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Then step by step, we obtain the pointwise analytic estimates 

sup \\d™& x u\\ H i {x ^ X0+e) < cA™+ 1 (m + Z)!, I, m = 0, 1, 2, . . . (1.12) 

te[to-e,t +e] 

sup W& x v\\ HHxo _ eiXO+e) <cA™+ l (m + l)\, I, m = 0, 1, 2, ... (1.13) 

te[to-e,to+e] 

Since initially we do not know whether the solution belong to even L 2 (R 2 ) we should men- 
tion that the local well-posedness is essentially important for our argument and therefore 
it merely satisfies the coupled system equations in the sense of distribution. 



2 Reduction of the Problem and Preliminary Results 



As mentioned in the introduction we consider the following coupled system of equations 
of Korteweg - de Vries type (jl.ip - (|1.3p . If 0,3 = there is no coupling in the dispersive 
terms. Let us assume that 0,3 7^ 0. We are interested in decoupling the dispersive terms in 
the system (jl.ip - (|1.3p . For this, let a 2 62 / 1. We consider the associated linear system 



W t + AW x 



0.. 



W(x, 0) = W (x) 



(2.1) 



where 



W 



u 

V 



A 



1 

Q3 b2 

bi 



«3 
J_ 

hi 



The eigenvalues of A are given by 



OL- 




(2.2) 



(2.3) 



which are distinct since b\ > 0, 62 > and (13 7^ 0. Our assumption a| 62 7^ 1 guarantees 
that a± 7^ 0. Thus we can write the system (jl.ip - (|1.3p in a matrix form as in |21j . After 
we make the change of scale 



u(x, t) = ^(q,,, 1 ^ 3 x, t) and v (x, t) = v(a_ ±/0 x, t). 
Then we obtain the system of equations 



-1/3 



u t + u xxx + auu x + bvv x + c (uv) x = 0, 
v t + v xxx + auu x + bvv x + c(uv) x = 0, 
u(x, 0) = ^0(2;), v(x, 0) = vq(x) 



x, t G 



(2.4) 
(2.5) 
(2.6) 



where a, b, c and a, b, c are constant. 



Remark 2.1. Notice that the nonlinear terms involving the functions u and v are not 
evaluated at the same point. Therefore those terms are not local anymore. 
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For s, b £ R define the spaces X% and X£_ 1 t° be the completion of the Schwartz space 
5(M 2 ) with respect to the norms 

\ 1/2 

(l + |r- e\) 2b (l + \ti\) 28 m, r)\ 2 d^drj 
and 

where X£ ={«£ 5'(IR 2 ) : ||it|| < oo}. Let T x and T x ,t t> e the Fourier transform in the 
x and (x, t) variables respectively. The Riesz operator D x is defined by D x = J 7 ^ 1 |f | T x . 
The fractional derivative is defined by 

<D X > S = T^ 1 < £ > s T x = J^ 1 (1 + |£| 2 ) s/2 T x 
<D Xtt > s = <|£| + |r| > s F X)t 

For < • >= (1 + | • | 2 ) 1,/2 , we have 

i) II ' \\H b (M:H r (W)) = II < A > b < A > T ■ IL^ ( ( K 2). 

ii) H a (R) = {ue S'(R) :<D x > s u£ L 2 (R)}. 
hi) II • \\h s (r) = II < A > s • ||l 2 (r)- 

Remark 2.2. With the above notation we obtain 

a ) IMI-ffKR) = II < f > s ^IIl 2 (r)- 

b ) IKILf (R://J(R)) = II < f > r ^Hl 2 (R 2 )- 

c) || < D x > s n|j L 2 (M ) = llttHfl-*^). 

d) || < D t > b < D x > r u\\ L 2 t(R2) = | tf£(]R))- 

e) || < A,t > S ^|lif(R:Hj(R)) = II < f > r < If I + |r| > S U(£, T)|| L 2 (R 2). 

We consider the following operators: L = dt + d% and J = x — 3td 2 then [L, J] = 
L J — J L = 0. We introduce the "generator of dilation" P = 3tdt + xd x for the linear part 
of the coupled system (|2.4p - (|2.6p and the "localized dilation operator" Pq = 3 to dt + #0 dx- 
By employing a localization argument, we look at the operator P as a vector field Po = 
3todt + xo d x near a fixed point (xq, to) 6 M x {(— T, 0) U (0, T)}. Since Po is a directional 
derivative toward to (xo, i), we introduce another operator Cq = to ^ which plays the role 
of a non-tangential vector field to Po- Since Po and Co are linearly independent, the space 
and time derivative can be covered by those operator. The main reason why we choose 
Co is because the corresponding variable coefficients operator £ 3 = td% can be treated via 
the equations (|1.10|) - (|l.lip and a cut-off procedure enables us to handle the right hand 
side of those. 

Remark 2.3. For L and P we have the following properties: 




a) [L, P} = LP = (P + 3)L. 

b) LP k = {P + 3) k L. 
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c) (P + 3) k d x = d x {P + 2) k . 

d) (P + ?>) k dl = d z x P k . 

e) P P = PP + 3P -2x d x 



Notation. The summation ^ is simply abbreviated by y~] 



0<fei, &2, fc3<fc 



k=k 1 +k 2 +k 3 



Let P fc « = Ujfc, then 



d t {P k u) + ^(P fc u) = L P k u = (P + 3) k Lu = (P + 3) fc (d t u + ft^u) 



-(P + 3)* 



- ^(w 2 ) + - d x {v 2 ) + cd x (uv) 



~ \ (P + 3) k d x (u 2 ) ~\(P + 3) k d x (v 2 ) - c (P + 3) k 8 x (u v) 
-\d x {P + 2) k {u 2 ) - b - d x (P + 2) V) " c 0*(P + 2) fc ( U t,) 



Noting that (P + 2) fc u = ^ ( k \ k - j P j u. Hence 

j=o 



Pi(n, u) = 



-^d x (P + 2) k (u 2 ) 



■m—n \ / 



m=0 

A; m 



m=0 j=0 
a km 

m=0 j=0 y J J J ) 



2 m-j pj u . pk~™ u 



k\ 



2 k ^ k2+k3 W k2] ** ! 



2 fcl d x (u k2 ■ u k:i ) . 



(2.7) 



In a similar way 



Ba.,,) = --a,(p + 2)V) 



I i t' i U 1 ^ J 



P|(«, z;) = C ^(P + 2) fe (n7;) = -c £ 



fc! 



„ k P 



2 fc "^(n fer ^). (2.9) 
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Therefore 

d t {p k u) + dl{p k u) 



a 



k\ _ t , „ „ v b ^ k\ 



2 ^ k x \k 2 \k z \ iV K2 * 3J 2 ^ 



x [ v k ' 2 ■ vy s 



~ c S ^ ^ m 2k " 9 * • 

= Bl(u, u)+B 2 k (v, v) + Bl(u, v). (2.10) 
Performing similar calculations as above we obtain 
d t {P k v) +d 3 x (P k v) 

a k\ u „ , 6 v — v fc! ,/ „ / \ 

2 ^ fci Afe A& v 2 37 2 ^ A; ! k'J k'J. \ k * k *J 

k=k 1 +k 2 +k 3 A a k=k' 1 +k' 2 +k' 3 1 2 6 

— c „, ^' — — 2 fc " cL ftii,// • ivl 

^ k"\ k"\ k"\ V fe 2 *V 

h — k"4-k"4-k" I 4 O 

= C^^ + C^^ + C^t;). (2.11) 

The above nonlinear terms maintain the bilinear structure like that of the original coupled 
system of equations of KdV type, since Leibniz's rule can be applied for operations of P. 
Now, each u k and v k satisfies the following system of equations 

d t u k + dlu k = Bl(u, u) + B 2 k (v, v) + B&u, v) = B k (2.12) 
d t v k + dlv k = Cl(u,u) + C 2 k (v,v) + Cl(u,v) = C k (2.13) 
u k (x, 0) = (xd x ) k u (x) = wg(x), v k (x, 0) = (xd x ) k v (x) = v$(x). (2.14) 

In order to obtain a well-posedness result for the system (|2.12|) - (|2.14|) we use Duhamel's 
principle and we study the following system of integral equations equivalent to the system 



^{t)u k = mV(t)u k -m V{t-t')i> T {t')B k {t')dt' (2.15) 

J o 

i>{t)v k = mV(t)v% -V(t) / V(t-^)fh^)C k ^)de (2.16) 



where V(i) = e is the unitary group associated with the linear problem and ijj(t) 6 
(R) , < ^ < 1 is a cut-off function such that 

^ (t) = { o! if jtj>2 and Mt)=Ht/T) 
The following results are going to be used several times in the rest of this paper. 
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Lemma 2.1 ([16]). . Let s G E, a, a' G (0, 1/2), 6 G (1/2, 1) and 5 < 1. Then for any 
k = 0, 1, 2, . . . , we have 

||V^fclU* a < c j(«-«')/4(i-') ||0 fe ||x la „ (2.17) 

\WsV(t) <l> k \\ X s < cS^W^Wh^, (2.18) 

^ / V(t-t')F k {t')dt' <c5 l ^- b \\F k \\ X s (2.19) 
Jo xs 

Lemma 2.2 ([IS]). . Let s > -3/4, 6, 6' G (1/2, 7/12) with b < b' . Then for any 
k, I = 0, 1, 2, . . . we /iave 

1 15,(^)11^ < clKUx- l^llx-. (2.20) 

Lemma 2.3 ([E]). . Let s < 0, 6 G (1/2, 7/12) and ^ = ip(x, t) be a smooth cut- 
off function such that the support of ip is in M 2 (0) and ip = 1 on Bi(0). We set ip e = 
ij)((x — xo)/e, (t — to)/e). Then for f G Xf } , we have 

||^/||^<ce-l s l- 5 l 6 l||^|| y w +2 |6| ||/||^ 2 |6|, (2.21) 



where the constant c is independent of e and f. 

Lemma 2.4 ([I2])- • Let P be the generator of the dilation and D x t be an operator defined 
by T^ T < \t\ + |f | > T x , t . We fix an arbitrary point (z , to) G R x {(— T, 0) U (0, T)}. 
Then 

1) Suppose that b G (0, 1], r G (— oo, 0] and g G X£_ 1 with suppg C M>2e(xo, to) and t9^.g, 
P 3 g G Ifj. If e > is sufficiently small, then we have 

|| < D Xtt > 3b g\\ L 2 (R:H r m < c (||<?|U Ll + II^IU^ + \\P 3 g\\x Ll ) (2.22) 
where the constant c = c(xq, to, e). 

2) Ifge F^ 3 (M 2 ) with suppg C B 2e (x , t ) and td$.g, P 3 g G i?^ 3 (M 2 ). Then for small 
e, we have 

|| < L> x .,t >^ #llL2(IR2) < C (|b||ffM-3( K 2) + ||ta 3 5||^-3(R2) + | | P 3 fi>| \ Hll -3 ( R 2) ) (2.23) 

where the constant c = c(xq, to, e). 

Lemma 2.5 ([12]). . Let < s, r < n/2 imt/j n/2 < s + r and suppose that f G £P(M n ) 
and (7 G H r (M. n ). Then for any a < s + r — n/2, we /iai>e / g G -ff CT (M n ) and 

ll/fflltf^R") < C(e) ||/||if«( R n)||3||ffr. (R n), (2.24) 

where e = s + r — n/2 — a. 

Corollary 2.1 (|12j). . For 1/2 < b < 1 and -3/4 < s < 0, we have 

Uf\\ xrl <c\\f\\ X s b (2.25) 

b— 1 u - 1 

where if) E Cq°(R 2 ) and c is independent of f. 
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Lemma 2.6 (|12j). . Letip{x) be a smooth cut-off function inC^{{— 2, 2)) withip(x) = 1 
on (—1, 1). We set ip t = ip(x/e) for < e < 1. Then for r < 0, and f G H r , we have 

n, fN < / ce- 5 ||/||^ (R) if -l/2<r<0 

l^/H™<( ce i/ 2+1|/|br(R) ^ r< _ 1/2 

where 5 > is an arbitrary small constant and c is independent of e. 

Throughout this paper c is a generic constant, not necessarily the same at each occasion 
(it will change from line to line), which depends in an increasing way on the indicated 
quantities. 



3 Existence and Well-Posedness 

We firstly solve the following (slightly general) system of equations 

d t u k + dlu k = Bl( U , U )+B 2 k (v,v) + B 3 k (u,v) = B k (3.1) 
dtv k + dlv k = Cl(u,u) + C 2 k (v,v) + C 3 k (u,v) = C k (3.2) 
u k (x, 0) = (xd x ) k u (x) = u$(x) , v k (x, 0) = (xd x ) k v (x) = v$(x) (3.3) 

where B k and C k are as above. 

Definition 3.1. Let / = (/o, /i, ... , f k ) denotes the infinity series of distributions and 
define 

A Ao (X s b ) = {f= (/ , fx, , f k ), f G X§, (* = 0, 1, 2. . .) such that \\f\\ AAo (X°) < +°°} 
where 

00 j^k 
fc=0 

Similarly, for uq = {u{j, Mq, . . . , Uq, . . . } and vq = {v^, Vq, ... , v k , . . . } we set 



00 



-v A k °° A k 

\\uo\\a Ao (hs(r)) = X) fcf H u oll^(R) and ||v |U Ao (#*(«)) = Yl "fef ll u oll^(R) 

k=0 ' k=0 

respectively. 

Remark 3.1. Each solution of the coupled system of Korteweg de Vries equations is 
accompanied by the following estimate 

\\P k u\\x S <cA^k\, and \\P k v\\ x ° < cA k k\, k = 0, 1, 2, . . . 

Theorem 3.1. Let -3/4 < s, b G (1/2, 7/12). Suppose that u§, v§ G # s (R)f£; = 
0, 1, 2, . . .j and satisfies 

00 j^k 00 j^k 

W u o\\A Ao (X§)=J2~ii H M olljP(R) < +°° IMU Aq P^) =Z}fcf H V oll^(R) < +00- 

fc=0 ' fc=0 
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Then there exist T = T(\\uq\\h»(r), | \vq \ \h s (r)) and a unique solution u = (uq, u±, . . .) and 
v = v (y 0l vi, ...) of the system (JXI])-(I331) with u k , v k £ C((-T, T) : H S (R)) n X§ and 

X)-fef H u *ik*cK) <+00 > ii u *ik(R) <+t». 

fc=0 ' fc=0 

Moreover, the map (uq, Vq) — > {u(t), v(t)) is Lipschitz continuous, i. e., 

IK*) - «(*)IIa*oW) + ~ S (*)Hc*((-T,T): if-(K)) < c(T) ||u - 5o|U A() (^(iR)) 

and 

||u(t) - w(*)|U Ao pf£) + -w(*)llo((-T,T):£f(tt)) < C ( T ) 11^0 - VoIU Aq (^(K))- 

Proo/. For given (u , v ) G ^ (iZ" s (R)) x A Ao {H s (R)) and 6 > 1/2, let us define, 

^Ri,R 2 = {(«, «) e AioPtf) x A4 (^6 S ) : IIwIUaoW) - IHU pq) < ^2} 

where i?i = 2c \\u \\a Ao (h°(r)) and Pt 2 = 2c | K I Ua Then M Ru r 2 is a complete 

metric space with norm 

ll(«> v )\h Rl ,R 2 = \\ u \U Ao (X°) + \\v\\a Ao (X§)- 

Without loss of generality, we may assume that that R± > 1 and R2 > 1. For (u, v) £ 
HLri,r 2 ' ^ us define the maps, 

= mv(t)4-m fy{t-t')^T{t')B k {t')dt' (3.4) 







= mv(t)v k -m v(t-t')Mt')c k (t')dt'. (3.5) 







We prove that x ^ maps H^ li ^ 2 into # 2 and it is a contraction. In fact, using 
lemma 2.1 and lemma 2.2 we have 



<Mlk = IIV>(*m*)4lk + 



/ * V{t-t')il> T {t')B k {t')dt' 



< c \\u k \\ H s m + Cl T» WBkWx*,^ 

< co\\u k \\ H s m + Cl T^ kl \kl\k 3 \ 2fcl lKlklKlk 
+ ciT ^ E wmw\ 2fc,1 lKikiKik 

h—y\y\y 123 

A, — A/ j * A, rj A 

/c! 

+ ci TM c E 2fe " 1 K * 1 lx » 1 |Vfc 3 Ik- 

h—h"A-h"-i-h" 12 3 

r\j — \ 2 1^ 3 
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Applying a sum over k we have 

00 Ak 
fc! 



fc=0 



< C oE#iK fe ii^ K )+ cl T^5:^ ^ 



fc! 



2 fcl IKIMKIk 



fc=0 k=0 k=k 1 +k 2 +k 3 ^ 



^4n 



fe=0 k=fc^+fc£+fc£ d 



+ ^^5 E 



fc! 



fc! ^ fc''! fc''! fc"! 

k=0 k=k'{+k 2 '+k% 1 2 3 



2 fe " IK" Ik Ik" Ik 



,, _ u _ /d fc 2 Ak 3 

co IKIU Ao (^( K )) + Cl rM-^ £ 2fcl it it IKIk it IKIk 

fc=0fc=fci+fc 2 +fc3 



< 



^4 1 A 2 ^4 3 

2 ^ ^ 2 1 iff iff 'Klk w IKIk 

fc=0 fc=fci+fe^+fc^ 1 2 3 



+ E 



. fc" < fc 2 ' 

k=0k=k'(+k'J,+k'^ l ' 2 ' 



2 6 fc''! 



A 3 

— llwfcS'lk 



OO .fc! OO .fc 2 OO ,fc 3 

fci=0 1- fc 2 =0 fc 3 =0 



6 ^ w An 1 ^ A n 2 



00 , ko 

AJ 



+ c i T %E 2 * ; fr E fr IKIk E fr IKIk 

fc' 1= 1 k' 2 =0 2 t,/_n 3 



^3=0 



k" 



+ ^E 2fc "?rE irlMkE ?r IMk 

fci'=0 1- fc 2 '=0 2 ' fc£=0 3 ' 

co I Kl U Ao (^(R)) + ci T" I e 2 A ° IN 1^ w) 



+ ci T" - e 



2A 1 i^i |2 



+ ci T' 1 c e 



2A 



2 - "-UAotx^^ 1 " iHl^oW) IHU^oW)- 

Hence, choosing d = max{a/2, 6/2, c} we have 

ll$«o( u > v)\\ AAo{X s b) < C |Ko|U Ao (ff»(M)) 



+ ciT^ 1 de 



2A 



u 



< cv\\u Q \\ AAi)(H s m + - Cl dT» e 2A « 
In a similar way, choosing <i = max{a/2, 6/2, c} we have 



(3.6) 



I !*««,(«, f)|U Ao( x=) < c lkolU A() (^ 



+ ^c 2 dT» e 2A ° 



M\a Ao (x°) + \\v\\a Ao (x°)\ (3-7) 
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If we choose T such that 



1 



3 max{ci, c 2 } (R\ + R2) 2 
Then we obtain in (|3.6f) and (|3.7I) 

ll*«o(«i «)IUa (X») < Ri and 



Therefore, ($ Uo , *„ ) G H^,^. We show that $ Uo x : (u, v) -> ($u (it, v), *» («, «)) 
is a contraction. 

Let (u, v), (u, v) G H^j^, then as above we get for d = max{a/2, 6/2, c} 



1 1 w ) - $u (u, v)\\a Aq (X0 

< ^ Cl dT»e 2Ao (R1 + R2) [\\u-u\\a Ao {xi) + \\v-v\\ Aao (x°) 
In a similar way, choosing d = max{a/2, 6/2, c} we have 



(3.8) 



||^ (n, v) - $ Vo (u, v)\\ Aaq (xs) 

< ^c 2 dT»e 2A ° {R1 + R2) 

Choosing small enough, such that 

1 



\u-u\\a Ao {Xz) + \\v-v\\ Aao (X°) 



(3.9) 



6 max{ci, c 2 } + -R2) 2 



we obtain 



I* 



U0 (u, v) - $u (u, v)\\a Ao {X°) 



< 



u — u 



Aa (X§) 



+ \ \v — VI 



Aa (X%) 



In a similar way 



\V V0 (u, v) - -$ Vo (u, v)\\aao(XS) < J \\u-u\\ Aao (x*) + \\v ~ v \\aa (X§) 



(3.10) 



(3.11) 



Therefore the map $ no x is a contraction and we obtain a unique fixed point (u, w) 
which solves the initial value problem (|3,ip - (|3,3p for T < T^. The rest of the proof follows 
a standard argument. 

Corollary 3.1. Let -3/4 < s, b G (1/2, 7/12). Suppose that (xd x ) k u , (xd x ) k v G 
iF(IR)(7c = 0, 1, 2, . . J and that 

A k 



00 /ifc 

EfO IL.ifcl 
A;! 

fc=0 



fc=0 



T/ien t/iere exist T = T(\\uq\\jj3(^, | \vq \ \h 3 (r)) an d a unique solution (u, v) of the coupled 
system equations KdV type §t\$-§IM with u, v £ C((-T, T) : H S (R)) n X£ and 



k=0 



< +OO, 



.4 



fc=0 



< +00. 
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Moreover, the map (no, Vq) — > (u(t), v(t)) is Lipschitz continuous in the following sense: 

00 Ak 

\\P k u{t) - P k u(t)\\ X s + \\P k U (t) - P k u{t)\\ci { -T,T): H* m < c(T) £ -fi \\(xd x ) k (u ~ U )\\ H s 

k=0 

and 

00 jsk 

\W) - v(t) \\x° + Mt) - v(t) I | C(( _ T) T) , H s m < c(T) 1 1 (a ^) fc (t;o - w ) I |h«(R) • 

k=0 

4 The main result 

In this section we prove the analyticity of the solution obtained in the previous section. 
We treat the solution Uk = P k u and Vk = P k v as if they satisfy the coupled system of 
equations (|3.1j) - (|3.3p in the classical sense. This can be justified by a proper approximation 
procedure. The following results are going to be used in this section. Let (xo, to) be 
arbitrarily taken in R x {(— T, 0) U (0, T)}. By if)(x, t) we denote a smooth cut-off function 
in Cg°(Bi(0)) and A = ^{(x - x )/e, (t - t )/e). 

Let ip be a smooth cut-off function around the freezing point (xo, to) with suppip C 

cHi e Oo, t )). 

Proposition 4.1. For t/ie cut-off function ip defined above, there exists a positive constant 
c and A such that 

\\ipP k u\\ Lltm <cA k (k\)\ k = 0, 1, 2, ... (4.1) 
Ih^ll^C**) < c ^ ( fc 2 , fc = 0,1,2,... (4.2) 
Proof. Using (|2.22j) with r = s — 1, we obtain 

|| < D x , t > 3b ipP k u\\ L 2 {R:m -i m) < c^l^UfcH^-i + 11*^(^)11^-1 + ||P 3 (^ fc )|| x ,-i) (4.3) 

Each term in (|4.3f) is estimated separately. For the first term in the right hand side we 
use Lemma 2.3. Indeed, 

\\^u k \\ x s-x < \\if>u k \\ x ° < c||V|L| s |+2|6-i||k||v* < c(ip)A k k\. k = 0,l, 2, ..(4.4) 

6-1 |6-1| 

The third term is estimated again using Corollary 2.6. 

\\p3(ip Uk )\\ xri < Y^—^—wiP 3 - 1 ^) p i u k \\ XLi 

1=0 ^ >' 

3 

* Tirhsji ii^ik 

1=0 y ' 

1=0 y ' 
3 



1=0 

< cA\k\. k = 0, 1, 2, ... (4.5) 
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For the second term, we use (|3.ip to reduce the third derivative in space to the dilation 
operator P. Since the generator of dilation is Pu k = 3t dtu k + x d x u k we obtain 

td t u k = - Pu k - - xd x u k . (4.6) 

Multiplying (|3.1f) by tpt, we have 

iptd t u k + iptd%u k = iptB k . (4.7) 

Replacing (|4.6p in (j4.7j) we obtain 
, 1 1 

iptdlu k = --ipPu k + -ipxd x u k + ^tB k . (4.8) 

hence 

\\iptd%u k \\ x s-i = - \\tp Pu k \\ x s-i + - \\tpxd x u k \\ x s-i + \\iptB k \\ X s-i 

b—1 q b— 1 q b—1 b—1 

= F 1 +F 2 + F 3 . (4.9) 
Using the assumption in the Theorem, we have 



Fi = l \\il>Pu k \\ x .-i < cM\ x -s b \\P k+1 u\\ XLi < c\\P k+1 u\\ X s 

\k+l 



< c^ +i (A; + l)! < cA%k\. (4.10) 



Similarly, we obtain 



- \\tp x d x u k \\ x s-i < -\\d x (ipxu k )\\ x s-i + -\\d x (ij)x)u k ,, 

O b-1 J f>— 1 O b—1 



s-l 



1 



< ^Wdx^xv^Wx^ + c\\d x (il> X^lx-sJlUkWx^ 

< j:\\il>x\\x'\\uk\\x; +c||9 ai (^a;)|| x - : .J|«fc||jr«_ 1 



< c(\\1>x\\ X ' + \\d x U>x)\\ x -. b ) A£k\ < cA%k\. (4.11) 
Using Lemma 2.3 and 2.2, we have 



i f>-i 



F 3 = UtB k \\ x s-i < cM x - s \\Bl + B 2 k + Bl\\xs 

b — 1 b—1 u 

< c ( H 5 felU b s _ 1 + ll-Bfcllx^ + ll-Blllx^j 
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Then replacing B\, B\ and B\ in ([577]) . (1575]) and ([579]) we deduce 



fe! A;! 
^3 < c E ^T^^IKIklKalk+c E ^pp7y2^| K | k |Klk 
fc=fc 1 +fc 2 +fc 3 z 13 k=k' 1 +k' 2 +k' 3 1 2 d 



+ c E pi pfj D7i 2 "" IK' I k 1 K Ik 

k — k"-i-k"-l-k" 1' 2' 3' 

^ c 2. kl \k 2 \k 3 r A ? k2lA ? k3 - + c 2s k'\k'\k'\ 2 As k2lA * k3 ' 

k=k l +k 2 +k s A 6 k=k' 1 +k' 2 +k' 3 1 2 3 

+ r V kl 1 k " A** ■ k"\ A^ • k"\ 

\ - fc! ofc » .fc" .k'' 
+ c E ^7T 2l ^9 2 -Ao 

h — h"-\-h"-\-h" ^ " 

* ^ E E o 2fcl ^ fcl + E E ^ 2K A * K 

fci=0fc 2 =0 fc;=0fc 2 =0 1 

+ c« E ^r 2 ""4 r ^' 

u—uii\_yi[Uti 1 " 



A; k—k 



Ul 1,11 



fci=0fc 2 =0 fc^=0fc 2 =0 1 k=k'{+k' 2 '+k^ 1 

" ft" 



< c e 2 ^ A k -k\ + c e 2 ^ A k -k\ + ck\ E W\ 2 "" A ? ' A io 

// 1 * 



'3 



U—] c tt\h.ft\U 



< c ^2/A 7+e 2/A 8 ^ n . fc! + cfc! J_ 2 fe "4'-4f- fc = 0,1,2,... (4.12) 

A) — fc^ - 1 - ~ I - ^3 



Hence, from (|4.10p . (|4.1ip and (|4.12p in ()4.9p we obtain that there exists a positive constant 
c and An such that 

||^tflgufc|k-i <cA n -k\ + ck\ E Pj 2 * 1 '^?'-^ fc = 0, 1, 2, . (4.13) 

U—lc N -\-h"-\-h" ^ ' 
Aj — \ 2 3 

On the other hand, using d^(if) ■ f) = ip ■ c* 3 / + 3d 2 (d x ip ■ f) - 3d x (d 2 ip ■ /) + <9 3 V • / we 
have that 

\\tdl(i/;-u k )\\ x s-i < \\t1>-ti%u k \\ x .-i+3\\S%(td x il>'U k )\\ x .-i 

fe— 1 fe— 1 b — 1 

+ 3\\d x (td^-u k )\\ xs -x + \\td^-u k \\ xs -i. (4.14) 

6—1 6—1 
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Using Lemma 2.2 and Lemma 2.3 we obtain 

j2 



\\d x (td x ip ■ u k )\\ x s-i < \\d x (td x ip • < c \\t d x ip\\x§\\u k \\xi 

< cA k k\ (4.15) 



\\d x (td 2 x ^-u k )\\ x s zl < \\dSd^-u k )\\ x§i <c\\td 2 x ^\\ xs \\u k \\ X s 

< cA k n k\ (4.16) 

\\td x 4>-u k \\ xr i < c\\ < D Xtt > 3/2 td^W^si+^-nWukWx^ <c||u fc || X j 

b—1 1—b 

< cA k 12 k\. (4.17) 

Hence, replacing (|4.13p . (|4. 15j) . ()4. 16j) and (|4.17p in (|4.14p we obtain that there exists a 
constant c and A\\ such that 

\\tdl^u k )\\ xtX <cA k u -k\ + ck\ Y, ]Jn 2k " A ¥- A ii> fc = 0, 1, 2, .(4.18) 

] c —yi\] c "^h" 1 ' 

A, Ay-j^ Ay 2 Ay g 

Therefore, replacing (|4.4p . (|4.5p and (|4.18p in (|4,3p we obtain that there exists a constant 
c and A15 such that 

|| < D X)t > 3b tpUkWq^jt'-i^ 

< cA k 5 -k\ + ck\ Yl -jJn 2 *" A ¥ - A w> fc = 0,1,2,... (4.19) 
In a similar way, we obtain that there exists a constant c and y4i6 such that 



< D x t > 



^ V k\\L^(M:Hi- 1 (M.)) 



< cA k 6 -kl + ck\ Y JJn 2 *" A ¥ - A ii' fc = 0, 1, 2, ... (4.20) 

h—Ull\_h"-\-b" 1 ' 

fly \ | l^/Vg 

Adding P~T9j) and (|4T20|) we have 



< D x _ t > 



" b ^UkW^iR-.H*- 1 ^)) + H < D x,t > 3b lf> v k\\l J 2(jst.H°- 1 (JSL)) 



< cA k 5 -kl + cA k w -k\ + ck\ Y TTTj 2 fc " 2-Af -A ■ 



" k" 



< c(A k 5 + A k w ).k\ + ck\ Y W\ 2K 2 ■ A f ■ AK 

U—U'liU"\yi 

Ay Ay-J^ \^ IXji^ |^ 3 



M , ull 1 



< cA\ 7 -k\ + ck\ Y JJI\ 2k " 2 - A f- A 1i- ( 4 - 21 ) 

U—U'r\k N -\-h n ^ ' 
Ay — Ay-^ n^>''2 3 
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We estimate the last term on the right hand side of (|4.2ip 

k m 



El i n b" b" 

— 2^2- J% ■ A k * 



10 



h.— k f, -\-k n -Lh" ^ 



< 



< 



EE 

m =0 j=0 

k m 

<EE 

m=0 j=0 
rn=0 j=0 



1 



(m - j)\ 



m- j 



2- 



2 



2 

~M 



A 2\3 



k m 

< <EE^ ! - 

m=0 j=0 
fc m 

< <*'EE 

m=0 j=0 



^10 



+^oEE- ! 

m=0 j=0 

A; m 

+<*'EE- 

m=0 j=0 



m! 



m! 



< e^i/ 4 Af fc! + e 4 / A io A? n fc! 



10 



< c Af fc! 



(4.22) 



Replacing (gjggj) in (fOTj) we obtain 

<cA k 17 -k\+cA k 19 -(kl) 2 
<cA k 7 -{k\) 2 + cA k 9 -{k\) 2 
<cA k -{k\) 2 

and the result follows. 



+ II < Am > 3b i>v k 



\L?(m.:Hi 



(4.23) 



Remark 4.1. a) For simplicity, we only illustrate the conclusion for the case s > —1/2 — 5 
with 6 = 1/2 + J/3 (for small 5 > 0) and the case s = -3/4 + 5 and 6 = 7/12 - 5/3. If 
s = —1/2 — 5 with b = 1/2 + 5/3, the initial data can involve Dirac's delta measure 5o and 
the latter is the critical case of the local well-posedness. 
b) The following inequality is simple to verify in both cases, 



Ufc||z£ it (Ra) < II < D x > 3b (^u k )\\ L 2 imm -i m <c\\< D x>t > ib (ipu k )\\ L 2 



3 b 



m- L (R)y 

Proposition 4.2. Under the same assumptions as in Proposition 4-1, there exist positive 
constants c and A such that 



(4.24) 
(4.25) 



\\^P k u\\ H 7/2 m <cA k (k\) 2 , k = 0,1,2,... 
\\^P k v\\ H r / 2 {R2) <cA k (kl) 2 , k = 0, 1, 2,... 

Proof. We apply Lemma 2.4 to tp u k = ip P k u with 6 = 1 and r = 0. 

|| < D Xit > 3 ^P k u\\ L 2 (R . L 2J Ry) 

< c (\\^u k \\ L 2 iR , L 2j R)) + ||^(^nfc)|| L 2 {R:L 2 {R)) + ||-P 3 (^n fc )|| L 2 {M:L 2 (R)) ) (4.26) 
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Therefore, if we wish to estimate the second term in the right hand side of (|4.26p with the 
aid of the equation (12. 12ft 



1 , „ 1 

"k 



ip t dlu k = - | ip Pu k + ^tpx d x u k + tipB, 



it is necessary to estimate 1 1^ tifcl li, 2 (M: -H" 1 ^)) which is not yet obtained. Hence, we start 
from the lower regularity setting, i. e., applying (|2.23|) in Lemma 2.4 to ipu k with /x = 1/2. 
Let ipi be a smaller size of smooth cut-off function with ipi <ip and ■01 = 1 around (xo, to)- 
Applying ([2"^]) aipu k = ip P k u with fi = 1/2 we have 

|| < D Xyt > 3 ip x P k u\ \ H -w<pP) < c|| < D X}t > 3 i/>i P k u 



< C (\\^lUk\\ H -^(^) + I l^*(^l«fc)llff- 5/2 (R2) + \\P (^lUk)\\ H -^m) ■ ( 4 ' 27 ) 

The first term on the right hand side of (|4.27p has already been estimated. For the third 
term we have 



\ P (^1^)11^-5/2^2) < ||P (lplU k )\\ L 2 t(R 2) 

3 

= En^lK^Vi)(P^,)ll^ t ( K2) 

3 

s Eii^ll^iIlL-,,..,!^'^!!^. 



< cJ2 A i +lk] - < cA \ W - < cA k 2 {k\f. (4.28) 
l=i 

For the second term on the right side hand we use the same idea of the remark above, 
using the dilation operator P. Indeed, 

11*^1^)1^-5/2 < ||Vl 

+ 3 \\d x (tdl^ x -u k )\\ H s,2 m + ||* (^i)wfcl 1^-8/2^3). (4.29) 
The last three term are bounded by the following: 

c(||d^l||L- t (R2) + P^l||i- t (R2) + H^iIIl-^M^)) ||^«fc||L» it (R 2 ) 

<cA\k\ < cA k 3 (k!) 2 . (4.30) 
On the other hand, using 

11^1*3^11^-5/2(^2) < - \\lplPUk\\ L ^(U:Ll(M.)) + 3 11^*01^^11^-5/2^2) + ||* Vi B k\\ H ~ 5 / 2 (R2) 

= F 1 + F 2 + F 3 . (4.31) 

Thus 

Pi < c||Vl||L« t m \\^P k+1 u\\ L 2 t{m < c\\^P k+1 v\\ L 2 tm 

< cA k+1 {k + l)\ < cA\k\ < cA k 5 (k!) 2 , (4.32) 
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F 2 < \\x^id x v k \\ L2(R . H -i m 

< \\d x (x^iv k )\\ L2(]& . H -i m + ||0 x (s^)^Vfc|| La(R ./r-i (R)) 

< \\ x ^l v k\\ L l t {M?) + H^( 2;? / ; l)llL- t (IR2)IIV'^llL2^(R2) 

< (||a;^l|U» t (Ra) + ||9a,(a!^))||L« t (Ra)) \\^v k \\ L 2 t{R2) 

< cA^kl < cA%(kl) 2 . (4.33) 
Using Lemma 2.5(case a = —5/2, s = 5, r = —5/2) 

F 3 = \\tlpl -Bfc||#-5/2( R 2) < Cl ||^i||h5(R2)||'(/' 2 S x|Ih-5/2( R 2) 

and replacing by (|2.10p . we have 



F 3 < Cly ^ ^r0 2fcl |^^ 2 V'^ 3 || g -3/ 2( B2 ) 

+ Cl T. ^ ., fcppp 2 'I^^^^Hh- 8 /'^) 



fc — fc-^ — \~ ~~ I - ^3 



u—Ui<uriuri 1" 2' 3' 

< Cly ^ - ; ^ ; 2 fcl | |-0 M fc2 | | J,2 (R 2) | Z/fc 3 | | £,2^2) 

k=ki+k2+kj 

+ Cl ^ 2 fc 7 ! | J ft 7 ! ^ 1 1 ^ ^ I I V ) I I ^ ^ I I L2 (R2 ) 

+ Cl ' C l E y> j fc//' , , 2fc " 1 1 ^ ^fc^ 1 1 L2 (R2 ) 1 1 ^ 1 1 L2 (R2 ) 

k—k"-i-k"-i-k" 1 ' 2" 3' 

fe=fci+fc 2 +A;3 

+ Cl 2 2^ fc'!E!H! 2 ^ ^ 8 

u—y \_ui \_y i z o 



k — k"4-k"4-k" LAS 

rti — \ 2 3 



fc=fci+fc 2 +fc 3 k=k' 1 +k' 2 +k' 3 1 

h—h H -\-h"-\-h" 1 ' 
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and then 



\n\ k k ~ kl 9 fc i \h\ k k k ' x ? k 'i 

F 3 < tlyiW? Y, Y +Cl ^ MA i Y Y % A ~ 

fci=0fc 2 =0 fci=0fc^,=0 1 

E2 1 k" k" 

+ |c| fe! % A f4l (4-34) 

u—yi_\_yi\y> 1 ' 

fij — \ <^ 2 3 

Replacing (POD . (B~35l) and (ET29J) in (IOTT) we obtain 

| |^l t 3^11^-5/2^2) 

nfc" 

< caAfifcl + cilclfc! ^ A f A ii fc = 0,1,2,... (4.35) 
Replacing (OOP and IQ5]) in ([4T29D 

11*^(^1 «fc) I lff-5/2(]R2) 

nfc" 

< ca>4* 2 fc! + ci|c|fc! £ -±J^A% k = 0,1,2,... (4.36) 
Now replacing (l4~28j) and (OBI) in ([427]) we obtain 



< c^fcl + dHfc! £ ]^^M'> fc = 0,1,2,... (4.37) 



rv \ ~ < 2 "I 3 

In particular 

IIV , ^fc||//l/2(R2 ) 

nfc" 

< c 5 A^k\ + Cl \c\k\ £ fc = 0, 1, 2, ... (4.38) 

Using a similar argument as above for || < D X)t > 3 ip P u\\ H - 3/2 r$2\ with = 3/2 in 
(|2.23p and replacing the support of the cut-off function Tp e we obtain 

|hMfc||fla/a(Ra) 

nfc" 

< C5^ 4 fc! + ci|c|fc! ]T fc = 0, 1, 2, ... (4.39) 

rv \ ~ < 2 "I 3 
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In a similar way we have 

IIV^fc||tf3/2 (R2) 

< c 5 A k l5 k\+ Cl \c\k\ Y, y7i A ? A lii k = 0,1,2,... (4.40) 

Adding (|4.39p with (|4.40p and performing straightforward calculations as (|4.22p we obtain 
\\*pu k \\ H3/2 ^ 2) + \\iPv k \\ H3/2(R2) <CA k (k\) 2 , fc = 0,1,2,... (4.41) 

To obtain the estimate for | \tp P k u\ |#t/2( K 2) and 1 P fc v| |#7/2( R 2) we repeat the above 
method with [i = 7/2. 

Proposition 4.3. Suppose that 

\\i>u k \\ HV2m <cA k {k\) 2 , k = 0, 1, 2, ... (4.42) 
||V^II^/ 2 ( K 2) <c^(A;!) 2 , fc = 0, 1, 2, ... (4.43) 

then we have 

sup \\{t l '*d x )P k u\\ m{xo _ t , Xo+e) < d vl 3 fc+/ [ (fc + /)!] 2 , k, I = 0, 1, 2, . .(4.44) 

t€[t -e,to+e] 

sup IK^^P^II^^o-e.xo+e) <C!4 + '[(^ + 0!] 2 , M = 0, 1, 2, .(4.45) 

te[t -e,t +e] 

where e > is so small that tp = 1 near / = (xo — e, a^o + e) x (^o — e, to + e). 

Proof. Let It = (to — e, *o + e) and = (xo — e, xo + e), then we have / = I XQ x J 4o . For 
any fixed t 6 J^, let £ = i 1//3 <9 x . We show that for some positive constants c and ^4o the 
following inequality holds 

\\C l P k u\\ Hl(Ixo) <cA k+l [(k + l)\]\ Vfc, VZ = 0, 1, 2, ... (4.46) 

Now, let use induction over I. By the trace theorem, we have 

\\C l P k u\\ Hl{Ixo) < \\t l / 3 d x P k u(t)\\ HUlxo) < (t + e) l V x P k u\ \ h3/2{Ixq xItQ) 

< (to + e) l / 3 \\P k u\\ HVHlxoXlto) < (t + e) l / 3 UP k u\\ H7/2{R2) 

< (to + e)^ 3 ci A\ kl < (to + e) l / 3 Cl A k+l (k + l) 

< (to + e) l ^ Cl A k+l [(k + iy.] 2 . (4.47) 

where we take c = (to + ef^c\ and Aq = max{l, A\\. Hence, in the case I = 0, 1, 2, it is 
easy to show that (|4.46|) follows directly from the assumption. 
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Now, we assume that (|4.46j) is true to I > 2. Applying P k to the equation (|2.4|) . we have 

d t {P k u) +dl{P k u) = LP k u 

= {P + 3) k Lu 

= (P + 3) k (d t u + d 3 x u) 



-(P + 3) h 



^d x (u 2 )+ h -d x (v 2 ) + cd x {uv) 



^{P + 3) k d x (u 2 ) - h - (P + 3) k d x {v 2 ) -c(P + 3) k d x (uv) 
~ d x (P + 2) k {u 2 ) -~8 X (P + 2) V) " c d x (P + 2) k {uv) 



such that 



t d t {p k u) + tdl{p k u) = -^td x {p + 2) k {u 2 )- u -td x {p + 2)-[c 



Moreover, P = 3tdt + xd x . Then 

td t {P k u) = l -P k+1 u-^xd x {P k u). 

Replacing f|4.49j) in f|4.48j) we obtain 

C 3 P k u = td 3 x (P k u) = - -P k+1 u + -xd x (P k u) 

3 3 



ctd x (P + 2) k (uvj4:A8) 



(4.49) 



- td x (P + 2) k {u 2 ) - b -td x {P + 2) V) " c td x {P + 2) k {uv). (4.50) 



Hence, applying C l 2 we have 



< \ \\C 1 - 2 P k +\\\ Hl(Ixo) + \ \\C l ~ 2 xd x (P k u)\\ Hl[Ixo) 



+ M ||t J C ; - 2 ^.( J P + 2)^(r i 2 )|| i ^x ( ^ o) + l|i ||t J C'- 2 6» :E (i- + 2) fc (z; 2 )||^ ( ^ o) 
+ \c\\\tC l - 2 d x (P + 2) k (uv)\\ HUlxo) 

(4.51) 



= F 1 +F 2 + F 3 + i ? 4 + i ? 5- 
Using the induction assumption, we obtain 

F 1 <±c 1 A k + l + 1 (k + l + l)\. 



(4.52) 



We estimate the term £} 2 (xd x ) for I > 3. Let r = 1 — 2, then we estimate C r {xd x ) for 
r > 1. 



^(*S,) = £(^W fc (*)-d^ 
fc=o ^ ' 



(4.53) 



But 



1 if k = r — 1 
if fc < r - 2 
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then in (|4.53p we obtain 

dl(xd x ) = rd r -\d x )+xdl{d x ) = rdl + xd x {d r x ) 
= (l-2)dt 2) +xd x (dt 2) ), 
that is, C l ~ 2 (xd x ) = xd x C l ~ 2 + (i - 2) £ l ~ 2 , for I > 3. For F 2 we have 
F 2 < \\xd x C l ~ 2 P k u\\ Hh{Ixo) + (l-2)\\C l - 2 P k u\\ Hlx{I ^ 
< \\xt-^C l - l P k u\\ Hl{Ixo) + (I - 2)\\C l ~ 2 P k u\\ m(Ixo) 



< c(t - e) (|*o| + e + 1)\\£^P«u\\ h1{Ixq) + (I - 2) \ \C^P h u\ \ h i {Ixq) 

< (t - e)- 1 / 3 (|x + e + 1) c x A k + l -\k + I - 1)! + ci A^" 1 ^ - 2) (fc + / - 1)! 

< ^ Cl ^ +1 (fc + Z + l)! (4.54) 

where we take A14 larger than (to — e) — 1/,3 (|cco| + e + 1) and 3. Using that (C = t 1 / 3 d x ) 

tc l - 2 d x = tt^/ 3 dt 2) d x = trV3 t c-i)/3 S H) = 42/3^-1, 

we have 

F 3 = ^||t 2 ' 3 £ , - 1 (P + 2)'--(„ 2 )|| H ,„, o) 

< M (4o + £)2 / 3 E E <^^ 2 - 

Z-l=Zi+Z 2 fc=fci+fc 2 +fc3 
Xeall^P^ullflj^H^i^tillfla^). 

Using the induction assumption 

^3 < ^(to + £ ) 2/3 E E ^1(1-1)!^ 

Z-l=«i+Z 2 k=ki+k 2 +k 3 3 ' 



(Zi + fei)l (l 2 + fc 2 )! fc+ ,_! 
h\h\ l 2 \k 2 \ 14 

< ^(to + e ) 2/3 c 2 c 3 (/ + fc-l)!<^ E E ^ 

Z-l=Zl+Z 2 fc=fel+fe2+fc3 3 ' 

(Zi + fci)! [h + k 2 )\ k\{l-l)\ 



h\k x \ l 2 \k 2 \ (l + k-l)\ 

Using that 

2 fc 3 (h + k.y. (i 2 + k 2 )\ k\ (i -iy. 2 

I— l=h+h fc=fcl+K2+K3 

we obtain 

F 3 < (t + e) 2 ^c 2 c\e 2 {l + k)\A\i 1 - 1 < i Cl (fc + Z + 1)! (4.55) 
where we take A\± larger than (to — e) -1 / 3 c 2 c 2 e 2 , and 3. In a similar way 

F±<\czA k t l+1 (k + l + l)\ (4.56) 
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where we take A\§ larger than (to — e) 1//3 C4 c\ e 2 , and 3. Finally, in a similar way 

Fr <^c 6 A k J l+1 (k + 1 + 1)1 (4.57) 

where we take Aiq larger than (to — e) -1 / 3 cq c\ e 2 , and 3. Therefore, from (|4.52|) . (|4.54j) . 
(j4"35l) . (1136]) and (|i37|) we obtain 

H^P^H^^) < c 7 A k + l+l (k + l + 1)1. (4.58) 
In a similar way, we obtain 

||£ /+1 P^||^ o) < c 7 A k i l+1 (k + l + 1)1, (4.59) 
and the result follows. 

Proposition 4.4. Suppose that there exists a positive constants c\, c 2 and An, A\§ such 
that 

sup \\d l x P k u\\ H i {xo _ e , xo+e) < Cl A k + l [(k + l)\} 2 , k,l = 0, 1, 2, ... (4.60) 

te[t -e,to+e] 

sup | H i (xo _ e , xo+e) < c 2 ^ 5 +z [ (A; + /)! ] 2 , fc, I = 0, 1, 2, . . . (4.61) 

t£[t -e,t +e] 

Then we have respectively 

sup \\drd x u\\ mAxo _ e , Xo+e) <c 3 A2 +l [(rn + l)l] 2 , m, / = 0, 1, 2, . . . (4.62) 

t£[to-e,t +e] 

sup \\dTd l x v\\ Hl{xo _ e)XO+e) <c 4 ^+ z [(m + /)!] 2 , m, Z = 0, 1, 2, . . . (4.63) 

te[t -e,*o+e] 

where C3, C4 and A 16 , j4 17 onZy depend on c\, c 2 and ^14, A15, respectively and e, (xo, *o)- 

Proof. Using the idea of Proposition 4.3, we fix t S I XQ . First we show that for some 
positive constants C3, Aiq and B±q 

\\{xd x ) m d l x P k v\\ Hl{Ixo) < c 3 A k + m+l BTe(k + m + l)\, k, m, I = 0, 1, 2, . . . (4.64) 

We use induction. Suppose that (|4.64j) is true for m. 

\\(xd x ) m+l d l x P k v\\ Hl{Ixo) 
= \\{xd x ){xd x Td x P k v\\ Hl{Ixo) 
< (\x \+e + l)\\(xd x +I) m d l x +1 P k v\\ mAIxo) 
m / \ 

c(\x \,e)J2 7 ll(^^) J '^ lp ^lk(/, ) 
i=i V J 7 



< 



m / \ 

* ^E(?) c 3< + ^ +1 ^a(^ + ^i + l)! 



< e 3 *3(* 4- I + m + 1). £ (daM^ 2- -&±i±j±4 
~ 3 16 16V 7 ^ (m-i)! j! (fc + l + m + 1)! 

< e - Al6 - Bl6 C3^+' +m+1 P™(A: + / + m + l)! (4.65) 
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where we take B\q so large that B\q > max{|xo| +e+l, 1}. We show that for some positive 
constants C4, An we have 



\\(td t ) m d l x u\\ H i {Ixo) <c,A[ + 7 m (l + m)\, l,m = 0, 1, 2, ... 



Using that tdt = \{P — x d x ), we obtain 



3 

iK^r^ik(/, o) = 3- m \\(p-xd x rd i xU \\ Hi(IxQ) 

ml 



< 3- m E ^ii^^^-ik^) 

m=ji+j 2 

where we replace ji into ji + j'3. Now, using the induction hypothesis we have (with 
#17 > ^4i6 Big) 



\\{td t ) m d x u\\ Hl{Ixo) 

ji } -j2^j3 ] - (m + l)\ 



, . Jl!j2!j3l 
m=ji+j 2 +J3 



< 3- m cgfiJJ+V + O! E ^WtJ*^^, (4.66) 

v y ^ x ' 11 1, h, (m.4-l.V. v y 



Observing that F 3 - ' < 1, we obtain in (14.660 

(m + 1)1 

\\(td t rd l x u\\ Hh{Ixo) < 3— cep + Brfr B l + m (l + m)\ 
< c A A l + m {l + m)\ 

where we take An = max{i?i7, 3 _1 By? (2 + B^ 1 )}. We show that for some positive con- 
stants C4, Aig and Bi 8 we have 

\\{td t yd?& x u\\ Hl{Ixo) <c 4 A{+ m+l B 18 (j + m + l)\, j, I, m = 0, 1, 2, ... (4.67) 

Induction in m. 

ii(t5 t )^r +l ^n^(/, ) < iift(tft-j) m flrfli«iifli(^) 



< (io-^E (,■) ii(^t) ii+1 9r^iiHi(/ xo) . 
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Using the induction hypothesis 



\\{td t yd? +l d l x u\\ Hl[Ixo) 




c 4 4+' +m+1 B™(j 1+ l + m+l)\ 



= c 4 (t - e)- 1 Af 8 +l+m+1 BT & (ji + I + m + 1)1 
x ' fj\ (i 1 +m + / + l)!(i-j 1 )! 

i~o ~ W (j + m + l + 1)! 

= c 4 (t - e)- 1 e~ A ™ A{+ l+m+1 B™ (j + l + m + 1)! 
< c 4 A\t l+m+1 B™(j + l + m + 1)! 



where we take -Bis larger than (to — e) 1 e Al8 . Finally, we choose j = in (|4.67p and take 
C2 = C4 and A15 = Axg -Bis- The result of analyticity follows. 
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